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Motivated by the recent experimental realization of the Haldane model by ultracold fermions in an
optical lattice, we investigate phase diagrams of the hard-core Bose-Hubbard model on a honeycomb
lattice. This model is closely related with a spin-1/2 antiferromagnetic (AF) quantum spin model.
Nearest-neighbor (NN) hopping amplitude is positive and it prefers an AF configurations of phases
of Bose-Einstein condensates. On the other hand, an amplitude of the next-NN hopping depends on
an angle variable as in the Haldane model. Phase diagrams are obtained by means of an extended
path-integral Monte-Carlo simulations. Besides the AF state, a 120o-order state, there appear other
phases including a Bose metal in which no long-range orders exist.
PACS numbers: 03.75.Hh, 67.85.Hj, 64.60.De
I. INTRODUCTION
In the recent years, systems of ultracold atomic gases
in optical lattices have attracted much attention. Since
the systems have the high controllability and versatility,
they provide us with a quantum-simulation platform for
studying strongly-correlated systems in condensed mat-
ter physics, lattice quantum field theories, etc1. It is
established nowadays that low-energy properties of in-
teracting Bose gases in optical lattices are described by
the Bose-Hubbard model2 and its extension. The idea of
quantum simulation by using ultracold atomic systems
is also applied to theoretical models that have been re-
garded as only academic ones. Theoretical predictions
for such models are expected to be observed by exper-
iments on ultracold atoms. Recently, generation of ar-
tificial gauge fields in ultracold atomic systems in op-
tical lattices was succeeded in the experiments by ro-
tating/shaking optical lattices or by using laser-assisted
tunneling3,4. These techniques enable an experimental
realization of the Haldane model with ultracold fermions.
This model was introduced as a fermionic tight-binding
model on a honeycomb lattice that breaks time-reversal
symmetry without a net magnetic flux, and it exhibits
interesting topological properties as a result of the next-
nearest-neighbor (NNN) complex hopping term5.
In the present study, we consider a bosonic analog
of the Haldane model, which is called Bose-Haldane-
Hubbard model (BHHM). A recent study reported its
ground-state properties and low-energy excitations at
unit filling6. In particular, we are interested in the hard-
core boson limit where the on-site repulsive interaction
U is very large (U → ∞). We call this model hard-core
boson Haldane-Hubbard model (hard-core BHHM). In
the previous works7,8, we studied the dipolar hard-core
BHHM by means of the extended Monte-Carlo (MC) sim-
ulation (see later section) and showed that the model has
very rich phase diagrams. In this paper, we study the
case in which the nearest-neighbor (NN) hopping ampli-
tude is positive and the NNN hopping is complex depend-
ing on an angle φ. Generally, hard-core boson models can
be mapped onto spin-1/2 models. The hard-core BHHM
is closely related to the quantum spin-1/2 models on the
honeycomb lattice. Positive hopping amplitudes in the
boson model correspond to antiferromagnetic (AF) ex-
change couplings in the spin model.
Hard-core BHHM on a small lattice was studied by the
exact diagonalization methods9. The result suggested
that this model had a quantum-liquid state, named Bose
metal (BM). The BM corresponds to a gapless spin-liquid
state. However, the existence and nature of this state is
not established yet. Therefore, it is interesting and also
important to study the existence and nature of the BM
in larger systems.
In this paper, we shall study the hard-core BHHM on
the honeycomb lattice by means of the extended path-
integral MC simulations. As stated previously, we take
the NN hopping amplitude positive in the present study.
In order to study the maximum frustrated case, we also
introduce a tunable phase in the NNN hopping such as
J2e
iφ with J2 > 0. We shall clarify the phase diagrams in
the two-dimensional (φ− J2) plane, etc. Obtained phase
diagrams of the BHHM shed light on the properties of
the spin-1/2 frustrated AF-XY and AF-XXZ models on
the honeycomb lattice. As we mostly consider the case
of the half filling, various superfluid (SF) states appear
in the phase diagram. Correlation of the phase degrees
of freedom of the Bose-Einstein condensate (BEC) has a
specific pattern in each SF. Therefore, the terminology of
spin is useful to distinguish SFs, and we shall often use
it.
The present paper is organized as follows. In Sec. II,
we introduce the hard-core BHHM and the path-integral
techniques using the slave-particle representation. An
effective model is derived by integrating fluctuations in
local density as in the previous works7,8. The derived
model has a positive-definite action and the MC simu-
lation is applicable for it. In Sec. III, we explain the
extended MC simulation by introducing a lattice in the
imaginary-time direction. Section IV exhibits the re-
2sults of the numerical study. We first study the low-
temperature (T ) phase diagram of the BHHM with the
vanishing NN repulsion and φ = 0. We show that for a
small system, the obtained phase digram is in good agree-
ment with that obtained by the exact diagonalization for
the same system size9. However, we found that the phase
diagrams have rather strong system-size dependence. Be-
sides the expected spin-ordered states, there exists a state
that seems to have no long-range orders (LROs), and we
call that state BM as in the previous work. We also study
the finite-T phase transition. The result indicates that
the BM has no LROs. In Sec. V, we study the phase
diagrams of the system with various φ. Introduction of a
finite φ diminishes the frustration and stable phases form.
Among them, a new phase that we call k = (−π/√3, 0)
forms between the AF and 120o-order states. Finally in
Sec. VI, we consider the effect of the NN repulsion, which
corresponds to the z-component AF coupling,
∑
Szi S
z
j .
Charge density wave (CDW) forms as the NN repulsion
is getting large. Section VII is devoted for conclusion.
II. MODEL HAMILTONIAN AND
PATH-INTEGRAL FORMULATION
The Hamiltonian of the hard-core BHHM on a honey-
comb lattice is given as follows:
HBH = H0 +HNN,
H0 = J1
∑
〈i,j〉
(a†iaj +H.c.) + J2
∑
〈〈i,j〉〉
(eiφija†iaj +H.c.),
HNN = V
∑
〈i,j〉
ninj , (1)
where a†i (ai) is the hard-core boson creation (annihila-
tion) operator at site i and ni = a
†
iai is the correspond-
ing number operator. In this Hamiltonian, J1 and J2
are the NN and NNN hopping amplitudes, respectively,
and V (> 0) is the parameter of the NN repulsion, which
may be produced by the dipole-dipole interaction10. The
NNN hopping term is complex J2e
iφij with the phase
φij = ±φ (th sign ± will be specified in the later dis-
cussion), which is experimentally feasible by the time-
periodic driving of the honeycomb optical lattice.
Reflecting the hard-core nature, the physical Hilbert
space consists of states in which the particle number at
each site is less than unity. In order to incorporate the
local constraint faithfully, we employ the following slave-
particle representation,
ai = h
†
ibi, (2)
with the constraint,
(b†i bi + h
†
ihi − 1)|Phys〉 = 0, (3)
where b†i (bi) and h
†
i (hi) are the boson and hole oper-
ator at site i, respectively. |Phys〉 denotes the physical
subspace of the slave particles corresponding to the hard-
core boson. From Eqs.(2) and (3), it is not difficult to
show that the operators ai and a
†
i on the same site sat-
isfy the anti-commutation relation such as {ai, a†i} = 1
and {ai, ai} = {a†i , a†i} = 0, whereas the usual bosonic
commutation relations such as [ai, a
†
j ] = 0, etc., for i 6= j.
For example in the slave-particle representation,
(aia
†
i + a
†
iai)b
†
i |0〉 = (h†i bib†ihi + b†ihih†ibi)b†i |0〉
= b†i |0〉,
where we have used the ordinary bosonic commutation
relations of the slave particles bi and hi and the con-
straint Eq.(3). The standard path integral for the Bose
particles with the faithful local constraint guarantees the
above hard-core commutation relations.
In most of the later discussions, we consider the half-
filling case, which corresponds to the case 〈∑i Szi 〉 = 0
in the spin system.
Note that the system described by the Hamiltonian
[Eq.(1)] is closely related to a s = 1/2 AF spin model
on the honeycomb lattice by the correspondence such as
a†i → S+i , ai → S−i , (ni − 12 )→ Szi , HBH → HS,
HS = HS0 +H
S
NN +H
Z,
HS0 = J1
∑
〈i,j〉
(S+i S
−
j +H.c.)
+J2
∑
〈〈i,j〉〉
(eiφijS+i S
−
j +H.c.), (4)
HSNN = V
∑
〈i,j〉
Szi S
z
j , H
Z =
3
2
V
∑
i
Szi , (5)
where S±i are the operators that flip a spin at site i. J1
and J2 correspond to the NN and NNN spin exchange
couplings. For J1, J2 > 0, the NNN coupling gener-
ates the frustration whose strength is controlled by the
parameter φ for 0 ≤ φ < π. The chemical potential is
introduced in the boson system in order to cancel the
Zeeman term HZ although we do not show it explicitly.
In our previous numerical studies7,8,11, the results of
the MC simulations show that density fluctuation at each
lattice site is not large even in the spatially inhomoge-
neous states like a density-wave state. From this obser-
vation, we expect that the following term appears,
H1 = V0
∑
i
(
(b†i bi − ρbi)2 + (h†ihi − ρhi)2
)
, (6)
where ρbi (ρhi) is the parameter that controls the mean
density of boson (hole) at site i, and V0(> 0) controls
its fluctuation from the mean value ρbi (ρhi). We impose
the local constraint such as ρbi+ ρhi = 1 in the MC sim-
ulation. It is expected that the hopping terms in HBH
(i.e., H0) enhance homogeneous configurations, and in-
duces terms such as H1. In Ref.
11, we discussed how H1
[Eq. (6)] appears from the hopping terms in the Hamilto-
nian and the rough estimation of the parameter V0 gives
3V0 ∼ J1/ρbi. However, the precise value of V0 depends
on the dynamics of the phase degrees of freedom of the
slave particles11. Then in the present work, we put typi-
cal values for V0 and verify the stability of the numerical
results12. We explicitly add this term to the Hamilto-
nian and consider the system HT = HBH + H1. The
existence of H1 is very useful for study of the quantum
many-particle systems by the path-integral MC simula-
tion.
The model HT is studied by the path-integral
methods11. To this end, we introduce the coherent states
for the slave particles as follows,
bi|ϕbi〉 = ϕbi|ϕbi〉 =
√
ρbi + δρbi e
iθbi |ϕbi〉,
hi|ϕhi〉 = ϕhi|ϕhi〉 =
√
ρhi + δρhi e
iθhi |ϕhi〉, (7)
where δρbi (δρhi) is the quantum fluctuation of the den-
sity around the mean value ρbi (ρhi) at site i and θbi (θhi)
is the phase degrees of freedom. In the path-integral rep-
resentation of the partition function Z, the action con-
tains the imaginary terms like
∫
dτϕ¯i(τ)∂τϕi(τ), where
ϕ¯i stands for the coherent field of b
†
i (h
†
i ) and τ is the
imaginary time, i.e.,
Z =
∫
[DϕbDϕh] exp
[
−
∫
dτ
(
ϕ¯bi(τ)∂τϕbi(τ)
+ϕ¯hi(τ)∂τϕhi(τ) +HT
)]
, (8)
where HT is expressed by the slave particles and the
above path integral is calculated under the constraint
Eq.(3). For the existence H1, we separate the path-
integral variables bi and hi as Eq.(7) and we integrate
out the fluctuations δρbi and δρhi. However, there exists
the constraint such as δρbi + δρhi = 0 on performing the
path-integral over δρbi and δρhi. This constraint can be
readily incorporated by using a Lagrange multiplier λi,∏
τ
δ(δρbi + δρhi) =
∫
dλie
i
∫
dτ(δρbi+δρhi)λi . (9)
The variables δρbi and δρhi also appear in H0 and HNN,
but we ignore them. On integration, linear terms of δρbi
and δρhi in HBH are absent as we require the minimal
energy condition to determine the mean values of ρbi and
ρhi. Please see the later discussion. As we remarked in
the above, quadratic terms of δρbi and δρhi in H0 are
partly incorporated in H1, although the precise estima-
tion of V0 is lacking. For the case with V > 0, which
is discussed in Sec. VI, the quadratic terms of the den-
sity fluctuations in the repulsion term generate spatially
nonlocal terms of ∂τθbi and ∂τθhi. We shall ignore these
terms in the practical calculation and therefore we may
underestimate the phase-ordered states. With this ap-
proximation, we have,∫
dλidδρbidδρhi exp
[ ∫
dτ
(
− V0
(
δρ2bi + δρ
2
hi
)
+iδρbi(∂τθbi + λi) + iδρhi(∂τθhi + λi)
)]
=
∫
dλie
− 1
4V0
∫
dτ((∂τ θbi+λi)2+(∂τ θhi+λi)2), (10)
where we have ignored the terms like
∫
dτ∂τθbi
(
∫
dτ∂τ θhi) by the periodic boundary condition for the
imaginary time. The resultant quantity on the right-
hand side (RHS) of Eq.(10) is positive-definite, and there-
fore the numerical study by the MC simulation can be
performed without any difficulties. It should be remarked
that the Lagrange multiplier λi in Eq.(10) behaves as a
gauge field, i.e., the RHS of Eq.(10) is invariant under the
following “gauge transformation”, θbi → θbi + αi, θhi →
θhi + αi, λi → λi − ∂ταi. It is easily shown that all
physical quantities are invariant under the above gauge
transformation. Finally, we have an effective action S,
with which the partition function is given as follows,
Z =
∫
[dθbi][dθhi]e
−S, (11)
S =
∫
dτ
(∑
i
1
4V0
(
(∂τθbi + λi)
2 + (∂τθhi + λi)
2
)
+ J1
∑
〈i,j〉
√
ρbiρhiρbjρhj cos(θi − θj)
+ J2
∑
〈〈i,j〉〉
√
ρbiρhiρbjρhj cos(θi − θj − φij)
)
+ V
∑
〈i,j〉
ρbiρbj , (12)
where θi ≡ θbi−θhi. As the slave particles always appear
in the composite bih
†
i , the symmetric degrees of freedom
θi ≡ θbi + θhi decouple, except the first kinetic term of
the action S including ∂τθbi and ∂τθhi.
III. EXTENDED MONTE-CARLO SIMULATION
In the previous section, the effective action S was
derived. For the MC simulation, we introduce a lat-
tice in the imaginary-time τ -direction with the lattice
spacing ∆τ . In order to impose the local constraint
Eq.(3), ρbi + ρhi = 1, we parameterize ρbi and ρhi as
ρbi,ℓ = sin
2(χi,ℓ), ρhi,ℓ = cos
2(χi,ℓ), where χi,ℓ is angle
variable and (i, ℓ) denotes site in a stacked honeycomb
lattice (ℓ is imaginary-time index). Thus, the effective
action S becomes a kind of 3D XY model defined on the
space-time lattice, whereas its coefficients depend on the
variational parameters {(ρbi,ℓ, ρhi,ℓ)}. The lattice action
and partition function of the lattice model are given as
follows:
ZL =
∫ Nτ−1∏
ℓ=0
∏
i
[dχi,ℓdθbi,ℓdθhi,ℓdλi,ℓ]e
−SL , (13)
SL =
Nτ−1∑
ℓ=0
[∑
i
− 1
2V0τ∆τ
cos(θbi,ℓ+1 − θbi,ℓ + λi,ℓ)
+
∑
i
− 1
2V0τ∆τ
cos(θhi,ℓ+1 − θhi,ℓ + λi,ℓ)
4+
1
2
J1∆τ
∑
〈〈i,j〉〉
sin(2χi,ℓ) sin(2χj,ℓ) cos(θi,ℓ − θj,ℓ)
+
1
2
J2∆τ
∑
〈i,j〉
sin(2χi,ℓ) sin(2χj,ℓ) cos(θi,ℓ − θj,ℓ − φij)
+ V∆τ
∑
〈i,j〉
sin2(χi,ℓ) sin
2(χj,ℓ)
−
∑
i
ln(sin(2χi,ℓ))
]
, (14)
where Nτ is the linear system size of the τ -direction and
is related to the temperature (T ) as Nτ∆τ = 1/(kBT ),
and all variables are periodic in the τ -direction. It should
be remarked here that ∆τ is nothing but the inverse
temperature and by changing ∆τ , T is controlled. The
last term in Eq.(14) comes from the change of variables
from (ρbi,ℓ, ρhi,ℓ) to χi,ℓ. As we explained above, as
the physical (original) particle ai is the composite of bi
and h†i [Eq.(2)], the effective model is invariant under
a local gauge transformation such as (θbi,ℓ, θhi,ℓ, λi,ℓ) →
(θbi,ℓ+αi,ℓ, θhi,ℓ+αi,ℓ, λi,ℓ−αi,ℓ+1+αi,ℓ) where αi,ℓ is an
arbitrary parameter (αi,Nτ+1 = αi,1). It seems that the
“gauge field” λi,ℓ can be eliminated by the gauge fixing,
but this is not the case. After the gauge fixing, there
remains one degrees of freedom per site i, i.e., so-called
zero mode,
∑Nτ
ℓ=1 λi,ℓ. In the MC simulation, we remain
the gauge field λi,ℓ=1 as MC variables whereas we put
the others λi,ℓ 6=1 = 0.
The effective action in the path-integral formalism in-
cludes both the variational parameters {(ρbi,ℓ, ρhi,ℓ)}(→
{χi,ℓ}) and the dynamical phase variables, {θbi}
and {θhi}. We determines the variational variables
{(ρbi,ℓ, ρhi,ℓ)} by the minimum-energy condition by us-
ing MC methods. In the practical calculation of Eq.(14),
we treat {(ρbi,ℓ, ρhi,ℓ)} as slow variables in the MC local-
update, keeping the mean densities constant. As the ef-
fective action SL in Eq.(14) is real and bounded from
below, there exist no difficulties in performing MC sim-
ulations. In the following sections, we shall show the nu-
merical results and discuss the physical meaning of them.
IV. NUMERICAL RESULTS FOR V = φ = 0
CASE
In this section and subsequent sections, we shall show
the results obtained by the MC simulation. The effective
model is defined by Eq.(14) and we employ the stan-
dard Metropolis algorithm with the local updates13. For
the local update of the phase degrees of freedom θ, ran-
dom variables ∆θ used for generating a candidate of a
new variable θnew = θold + ∆θ was chosen in the range
|∆θ| ≤ π/6. Furthermore in this study, the local average
densities are also variational parameters and are param-
eterized by the angle variables {χi,ℓ}. Since the local
average densities are slow variables, the range of random
variables ∆χi,ℓ are restricted as |∆χi,ℓ| ≤ π/60. The typ-
ical sweep for the thermalization is 100 000 and for the
measurement is (40 000)×(10 samples). The typical ac-
ceptance ratio was 40%∼50%, and errors were estimated
from 10 samples by the jackknife method14.
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FIG. 1. (Color online) Phase diagrams of the Bose-Hubbard
model on the honeycomb lattice with V = φ = 0. (a) V0 = 5,
(b) V0 = 0.5. There are four phases, antiferromagnetic (AF),
Bose metal (BM), colinear (CL) and 120o-order state. Lattice
size is small, (Lx, Ly) = (3, 4).
AF Collinear 120° order
FIG. 2. (Color online) Spin (phase θi) configurations of the
three ordered states, antiferromagnetic (AF), colinear (CL)
and 120o-order phase in the phase diagram in Fig. 1.
A. Low-temperature phase diagrams
We first show the phase diagrams as a function of the
dimensionless parameter J2/J1 for the case of V = φ =
015. In the practical calculation, we put J1 = 10 and
∆τ = 1. See Fig. 1 for the phase diagrams for V0 = 5 and
V0 = 0.5. For the case of the system size (Lx, Ly) = (3, 4)
and Nτ = 8, there are four phases, i.e., AF, BM, collinear
(CL), and 120o-order state. There exist no qualitative
differences between the phase diagrams of the V0 = 5
and V0 = 0.5 cases.
x
y x+y
FIG. 3. (Color online) x, y and x + y-directions on the hon-
eycomb lattice.
5To clarify the phase diagrams, we calculated various
physical quantities. Phase boundaries were determined
by calculating the “internal energy” E and the “specific
heat” C, which are defined as
E =
〈SL〉
N
, C =
〈(SL − 〈SL〉)2〉
N
, (15)
where N = NτN2D is the total number of sites in the
stacked honeycomb lattice and we employ the periodic
boundary condition. We also calculate correlation func-
tions on the honeycomb lattice in the x, y, and x + y
directions (see Fig. 3), which are defined as follows,
Gx(y)(x+y)(r) =
1
N2D
∑
i
〈cos(θi+r − θi)〉, (16)
where the site i + r denotes the sites with distance r
from the site i in the x, y and x + y directions in the
honeycomb lattice, respectively.
For the phases except the BM, the order parameter,
〈ai〉, has a coherent phase, as shown by the calculated
correlation functions. Spin (phase of 〈ai〉 = θi) config-
urations for the phases in the phase diagram in Fig. 1
are depicted in Fig. 2. From Fig. 2, we identified the
AF, CL, and 120o-order phase. As we show shortly for a
larger system, the BM has only a short-range correlation
of 〈ai〉.
There are results of the exact diagonalization for the
system with the size (Lx, Ly) = (3, 4) (N2D = 24). Qual-
itatively the same phase diagram with those in Fig. 1 was
obtained. Critical values of J2/J1 of the exact diagonal-
ization at which the phase transitions take place are very
close to those obtained in this work, in particular, the
result with V0 = 0.5.
AF AFBM BM120° order? ?? ?? 120° orderCL
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0 0.5 1 1.5 2 0 0.5 1 1.5 2
FIG. 4. (Color online) Phase diagrams of the Bose-Hubbard
model on the honeycomb lattice with V = φ = 0. (a) V0 = 5,
(b) V0 = 0.5. There are unidentified phases besides antifer-
romagnetic (AF), Bose metal (BM), colinear (CL) and phase
with the 120o order. Lattice size, (Lx, Ly) = (6, 6).
As the system has the strong frustrations for the case
of φ = 0, it is important to see if the phase diagram de-
pends on the system size. In order to see this, we studied
the system with (Lx, Ly) = (6, 6). No exact diaganaliza-
tion results are available for this system size. Obtained
phase diagrams are shown in Fig. 4. Compared with the
previous result of (Lx, Ly) = (3, 4), there are additional
phases whose spin (i.e., phase θi) configuration cannot
be depicted globally.
Calculations of the specific heat used to obtain the
phase diagrams in Figs. 1 and 4 are shown in Fig. 5. As
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FIG. 5. (Color online) Specific heat C for the case of V =
φ = 0. (a) (Lx, Ly) = (3, 4) and V0 = 5, (b) (Lx, Ly) =
(3, 4) and V0 = 0.5, (c) (Lx, Ly) = (6, 6) and V0 = 5, (d)
(Lx, Ly) = (6, 6) and V0 = 0.5. Sharp peaks in the system
with (Lx, Ly) = (6, 6) indicate that the transition is of first
order. This is verified by the measurement of the internal
energy E.
the system size is getting larger, not only the peaks of C
get sharper but also other peaks appear. Compared with
systems without frustrations studied in previous works,
the specific heat C has very strong system-size depen-
dence in the present case.
To identify the phases, we calculated the correlation
functions in Eq.(16). The results are shown in Fig. 6.
We verified that all the numerical results are quite stable
even for the unidentified phases in the phase diagram in
Fig. 4. Phases (a), (c) and (d) are the AF, CL and 120o
phases, respectively, and the phase (b) is the BM without
long-range correlations. The calculation of the specific
heat indicates the existence of the phases (e) and (f).
The phase (e) and (f) have rather clear spin correlations
as shown in Fig. 6, but it is difficult to depict global
configurations of the phase of 〈ai〉.
It is sometimes useful to see the particle density in the
wave-vector space, which is defined as,
n(k) = 〈a†(k)a(k)〉
=
∑
i,j
e−k·(ri−rj)〈a†iaj〉, (17)
where ri and rj are lattice vectors corresponding to
sites i and j of the honeycomb lattice, respectively. We
show the calculations of n(k) in Fig. 7. In the AF, CL
and 120o-order phases, particles condensate at some spe-
cific momenta consistent with the correlation function,
whereas in the BM no clear pattern can be seen. On
the other hand for the phases (e) and (f), the particle
density has moderate but rather clear peaks at three
spots although their locations are incommensurate with
the Brillouin zone.
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FIG. 6. (Color online) Correlation functions in Eq.(16) for the phases in Fig. 4. (a) AF, (b) BM, (c) CL, (d) 120o-order state,
and (e) and (f) are phases whose existence is indicated by the calculation of the specific heat.
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FIG. 7. (Color online) Density distribution in the momentum
space n(k) defined by Eq.(17) for the phases in Fig. 4. (a)
AF, (b) BM, (c) CL, (d) 120o-order state, and (e) and (f) are
phases whose existence is indicated by the calculation of the
specific heat. The dotted line denotes the boundary of the
Brillouin zone.
It is quite interesting to see if the BM is gapless or
gapful. To study this problem, we notice that a change of
the parameter ∆τ corresponds to a change of the system
temperature T . From this fact, we can measure the T -
dependence of the specific heat C. Furthermore, if signals
of phase transition do not appear as T is increased, we
conclude that the BM has no LROs.
B. Finite-temperature phase transitions for
V = φ = 0 case
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FIG. 8. (Color online) Finite-T phase transitions for the AF
[(a)], BM [(b)], and 120o-order state [(c)] phases, respectively.
The thermal specific heat CT exhibits a sharp peak for the
AF and the 120o-order phase, whereas there is no signal of
the phase transition for the BM. This result indicates that
the BM does not have any long-range orders. CT for the AF
and the 120o-order phase approaches to a constant close to
unity at low T limit. V0 = 5.
In this section, we shall study finite-T effects on the
phases observed in the previous subsection16. In particu-
lar, it is interesting to see if a phase transition takes place
or not in the BM, i.e., the existence of a finite-T phase
7transition means that the BM phase has a certain order
at low (vanishing) T , or vice versa. On the other hand,
we expect that a finite-T phase transition takes place at
a certain critical Tc for the AF and 120
o-order states.
As we explained previously, Nτ∆τ = 1/(kBT ), and
therefore a decrease of ∆τ corresponds to an increase of
T . The finite-T system is described by the effective action
SL in Eq.(14) with ∆τ < 1. It should be remarked here
that the present numerical parameters such as J1∆τ = 10
and Nτ = 8 corresponds to kBT = J1/80, which means
a very low T . We study the system with the lattice size
(Lx, Ly) = (6, 6), and focus on the AF, BM, and 120
o-
order state.
Numerical result of the thermal specific heat CT is given
in Fig. 8, where the thermal specific heat CT is defined
as follows,
CT =
1
N2D
[
〈(Hβ)2〉 − 〈Hβ〉2
]
,
Hβ ≡
Nτ−1∑
ℓ=0
[1
2
J1∆τ
∑
〈〈i,j〉〉
sin(2χi,ℓ) sin(2χj,ℓ) cos(θi,ℓ − θj,ℓ)
+
1
2
J2∆τ
∑
〈i,j〉
sin(2χi,ℓ) sin(2χj,ℓ) cos(θi,ℓ − θj,ℓ)
+ V∆τ
∑
〈i,j〉
sin2(χi,ℓ) sin
2(χj,ℓ)
−
∑
i
ln(sin(2χi,ℓ))
]
. (18)
It is obvious that CT exhibits a sharp peak for the AF
and 120o-order state, whereas no peaks for the BM. This
result means that the BM does not have any long-range
orders. We verified that the orders of the AF and 120o-
order state are destroyed at Tc identified by CT .
At low T < Tc (∆τ > ∆τc), CT for the AF and 120
o-
order state has a constant value close to unity. This
behavior indicates that a stable quasi-excitation exists
that is nothing but a Nambu-Goldstone mode appearing
as a result of the spontaneous U(1) symmetry breaking.
On the other hand for the BM, CT increases as T de-
creases. This implies that excitations in the BM are not
simple gapless quasi-particles and a strongly-correlated
(strongly-frustrated) state forms in the BM.
V. PHASE DIAGRAM IN (J2/J1-φ) PLANE
In this section, we study the phase diagram of the
BHHM with nonvanishing φ (the phase of the NN hop-
ping), whereas we keep the NN repulsion V = 0. As the
case of φ = 0 is the most frustrated system, it is expected
that turning on φ makes the system more tractable and
stabilizes the ground-state. There are two possible ways
to introduce the phase φij in the NN hopping as depicted
in Fig. 9, one of which is called original Haldane model
and the other is called modified Haldane model17. As
Case O
Case M
FIG. 9. (Color online) Hopping terms in the BHHM. The
NNN hopping amplitudes with an arrow are J2e
iφ. Case O
(M) refers to the original (modified) model.
we show, these two models can have different phase dia-
grams as in the ferromagnetic NN coupling cases studied
in the previous paper8.
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FIG. 10. (Color online) Phase diagrams of the original (left)
and modified (right) BHHMs. Finite φ makes the system less
frustrated, and clear phase boundaries are obtained. V0 = 5
and the system size (Lx, Ly) = (6, 6).
By using the same extended MC simulations, we ob-
tained the phase diagrams of the original and modified
BHHMs as in Fig. 10. Even for very small φ, the phase
boundaries are obtained rather clearly. Calculations of
the internal energy and specific heat indicate that the
phase transition AF ↔ 120o-order state is of first order,
whereas both AF ↔ BM and 120o ↔ BM transitions
are continuous ones. This result again implies that the
BM does not have any long-range orders. In the experi-
mental set up to realize the Bose-Haldane model on the
honeycomb lattice, it is expected that the value of φ can
be a controllable parameter. Careful study on the phase
diagram by experiments may shed light on the physical
properties of the phases with φ = 0 and related AF mag-
nets on the honeycomb lattice.
In the phase diagram of the modified BHHM, there ap-
pears another ordered phase that we call k = (−π/√3, 0)
phase. Details are shown in Fig. 11. Phase closely related
to this was recently observed for a frustrated Heisenberg
model on the honeycomb lattice18. In the present case,
the reduction of the frustration by a finite φ makes this
phase stable for a rather large region of the phase dia-
gram. Angles between the NN spins and also NNN spins
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FIG. 11. (Color online) Properties of the k = (−pi/√3, 0)
phase. (a) spin configuration, (b) correlation function, and
(c) density distribution in the momentum space.
are either π/2 or π. The particle distribution functions
n(k) in Fig. 7(e) and Fig. 11(c) indicate that the phase in
Fig. 7(e) and the k = (−π/√3, 0) phase have some sim-
ilarity although there exists a phase boundary between
them as shown in the phase diagram of Fig. 10.
VI. PHASE DIAGRAM WITH NN
INTERACTION
In this section, we study the system in which the NN
interaction HNN in Eq. (1) exists
19. As mentioned pre-
viously, this term corresponds to the AF-spin coupling
in the z-component such as V
∑
〈i,j〉 S
z
i S
z
j . The previous
study on some related models shows that the inclusion
of the NN interaction HNN makes the system stable as
the frustration in the XY component is weakened by the
existence of this term8. For sufficiently large V , it is
expected that the charge-density order appears, which
corresponds to the AF order in the z-component of spin.
We investigated the system with φ = 0 and V > 0 by
the extended MC simulations as before and obtained the
phase diagrams shown in Fig. 12. The system is at half
filling with µ/V = 1.5, i.e., 〈∑i Szi 〉 = 0, and we put J1 =
10 and ∆τ = 1 as before. For small J2 and φ, the BM still
exists as in the pure XY case. As V is getting large, the
state with the charge-density wave (CDW) forms. The
phase transition AF ↔ CDW and 120o-order state ↔
CDW are both first-order phase transitions, whereas the
transition between the BM and CDW is a continuous one.
The internal energy E and specific heat C are shown in
Fig. 13. At the AF↔ CDW phase transition, E exhibits
a step-wise behavior although hysteresis is not observed.
At the critical point, C has a very large and steep peak.
On the other hand, C shows a step-wise behavior at the
BM ↔ CDW transition. Although C has no sharp peak,
this anomalous behavior of C indicates that a second-
order phase transition or a crossover takes place between
the BM and CDW. Again, this result indicates that there
are no LROs in the BM.
For the AF XY spin model on the honeycomb lattice
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FIG. 12. (Color online) Phase diagrams of the BHHM with
the NN interaction V > 0. J1 = 10 and V0 = 5. (a) original
BHHM with J2 = 3, (b) original BHHM with J2 = 20, (c)
modified BHHM with J2 = 3, (d) modified BHHM with J2 =
20. For J2 = 20, the phase diagrams of the original and
modified BHHM are almost the same as the NNN hopping
dominates over the NN hopping. The system is at half filling
with µ/V = 1.5.
of the cylinder geometry, the density-matrix renormal-
ization group study showed that in the intermediate pa-
rameter region of J2/J1, unexpected AF order in the z-
direction forms20. In the present study on the hard-core
BHHM, the above parameter region corresponds to the
BM in Fig. 12 (a) with V, φ ∼ 0. We measured the den-
sity correlation in the BM near the phase boundary to
the CDW and found a short-range correlation as it is ex-
pected. Then, it is interesting to study the BHHM on the
honeycomb lattice of the cylinder geometry and to see if
such a density order persists in the deep BM region. This
problem will be studied and results will be published in
the near future.
VII. CONCLUSION
In this paper, we studied the hard-core BHHM in
which the frustration caused by the NN and NNN hop-
pings exists. Strength of the frustration is controlled by
the phase φ of the NNN hopping. This model is closely
related with the spin-1/2 AF magnets and it is expected
that a state without any long-range orders exists in a
moderate parameter region of the phase diagram.
We first considered the case with φ = 0 and the van-
ishing NN repulsion, i.e., the most frustrated case. The
extended MC simulation shows that the AF, CL and
120o-order state form as the NNN amplitude increases,
while there appears the state that we call the BM be-
tween the AF and CL. Correlation functions and the or-
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FIG. 13. (Color online) Internal energy E and specific heat
C measured in the phases in Fig. 12. V0 = 5. (a) E as a
function of φ in the original BHHM with J1 = 10, J2 = 3 and
V = 25, (b) C as a function of φ in the original BHHM with
J1 = 10, J2 = 3 and V = 25 (c) C as a function of V/J1 of the
original BHHM with J2 = 3.0. Phase transition between the
AF and CDW is of first order, and that between the BM and
CDW is of second order. The system is at half filling with
µ/V = 1.5, where µ is the chemical potential of the BHHM.
der of the phase transition indicate that the BM has no
LROs. We also studied the finite-T phase diagram and
found that no transitions take place from the BM as T
is increased. Therefore we concluded that the BM is a
featureless state. On the other hand, all the above men-
tioned ordered states transit to disordered states through
the second-order phase transitions.
Results of the MC simulations show a strong system-
size dependence of the phase diagram. The results for
the (Lx, Ly) = (3, 4) system (a small system) are in good
agreement with the results obtained by the exact diago-
nalization for the same system size9. On the other hand,
the larger system with (Lx, Ly) = (6, 6) has a slightly
different phase diagram in which additional unidentified
phases appear. Investigation of these states is a future
problem. [No results of the exact diagonalization are
available for the (Lx, Ly) = (6, 6) case.]
Next we studied the phase diagram in the (J2/J1− φ)
plane. There are two types of the BHHM named the orig-
inal and modified BHHMs, respectively. As increasing
the value of φ, stable states and phase boundaries appear.
Besides the ordered states in the φ = 0 case, there ap-
pear another ordered state that we call k = (−π/√3, 0)
state. Finally, we examined the effect of the NN repul-
sion. Inclusion of the NN repulsion, which corresponds to
the AF coupling V
∑
〈i,j〉 S
z
i S
z
j , stabilizes the frustration.
As V is increased, the CDW forms that corresponds to
the Ising-type AF configuration in the z-component.
We obtained the “multi-dimensional phase diagram”
in this work. The result suggests feasible experiments
that quantum simulate the BHHM with cold atomic gases
on the optical lattice. We expect that these quantum
simulation clarifies the physical nature of the BM as well
as the unidentified states observed in this study. This
must shed light on the physical nature of the spin liquid
in the AF magnets on the honeycomb lattice.
Finally, recently some related spin and boson mod-
els were analytically studied by using the Chern-Simon
gauge theory. There, dynamical variables are described
by using fermions and various phase diagrams were
obtained21. It is interesting and also important to extend
the present numerical study to these models and clarify
the relationship to the fermionic degrees of freedom.
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